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We study the entanglement spectrum (ES) and entropy between two coupled Tomonaga-Luttinger
liquids (TLLs) on parallel periodic chains. This problem gives access to the entanglement properties
of various interesting systems, such as spin ladders as well as two-dimensional topological phases. By
expanding interchain interactions to quadratic order in bosonic fields, we are able to calculate the ES
for both gapped and gapless systems using only methods for free theories. In certain gapless phases
of coupled non-chiral TLLs, we interestingly find an ES with a dispersion relation proportional to
the square root of the subsystem momentum, which we relate to a long-range interaction in the
entanglement Hamiltonian. We numerically demonstrate the emergence of this unusual dispersion
in a model of hard-core bosons on a ladder. In gapped phases of coupled non-chiral TLLs, which are
relevant to spin ladders and topological insulators, we show that the ES consists of linearly dispersing
modes, which resembles the spectrum of a single-chain TLL but is characterized by a modified TLL
parameter. Based on a calculation for coupled chiral TLLs, we are also able to provide a very simple
proof for the correspondence between the ES and the edge-state spectrum in quantum Hall systems
consistent with previous numerical and analytical studies.
PACS numbers: 71.10.Pm, 03.67.Mn, 11.25.Hf
I. INTRODUCTION
Quantum entanglement has been found to be useful in
characterizing topological states of matter, which is not
possible with conventional local order parameters. For
example, the topological entanglement entropy (TEE)1,2
encodes information of topolocically ordered phases. The
TEE has been numerically and analytically calculated
in many exotic systems including fractional quantum
Hall systems3–5 and quantum spin liquids.6–11 However,
TEE does not give the complete picture of the entangle-
ment. The entanglement spectrum (ES), as proposed by
Li and Haldane,12 contains more information than the
TEE and is also a powerful tool in studying topological
phases. A large amount of focus of the investigation of
ES has been with a real space partition in various sys-
tems. Those systems include quantum Hall systems,12–18
topological insulators,19–23 fractional Chern insulators,24
symmetry-protected topological phases,25–27 quantum
spin chains28–34 and ladders,35–41 and other spin and
fermionic systems.42–49.
For the system’s ground state |Ψ〉, the ES is obtained
by first partitioning the system into a subregion A and
the rest A¯ and then forming the reduced density matrix
ρA = TrA¯ |Ψ〉〈Ψ| on A. The reduced density matrix is
conventionally written in the thermal form ρA = e
−He ,
where He is referred to as the entanglement Hamiltonian.
The ES is simply the full set of eigenvalues of the entan-
glement Hamiltonian.
A key result found in many topological phases and
some other states (often with an energy gap) has
been the remarkable correspondence between the ES
and the edge-state spectrum. In two-dimensional (2D)
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FIG. 1. (Color online) “Cut and glue” approach50 applied to a
quantum Hall state. (a) We define the system on a cylinder of
circumference L and aim to study the entanglement between
two halves of the cylinder, A and B. (b) To this end, we
physically cut the system into A and B, obtaining gapless
modes described by chiral TLLs, HR and HL, on the new
edges. We then glue them along the edges by switching on
an interaction that couples A and B. (c) The entanglement
problem of the quantum Hall state can then be reduced to
the problem of entanglement between the two coupled chiral
TLLs.
topological phases, the ES has been found to ex-
hibit gapless structures which are related to the con-
formal field theory (CFT) describing low-energy edge
excitations.12–16,19–21,24 An analytic proof for this cor-
respondence has been proposed by Qi, Katsura, and
Ludwig50 using the “cut and glue” approach. For model
2wave functions of quantum Hall systems, different proofs
have been proposed by using clustering properties51 and
a connection to CFT.52 A geometric proof for two- and
three-dimensional topological phases has also been put
forward.53 In the approach of Qi et al.,50 it was sug-
gested to start from two pieces A and B of a topologi-
cal phase which both support gapless chiral edge states,
and then to glue them along the edges by switching on
an interaction Hamiltonian that couples A and B as in
Fig. 1. Restricting the analysis to a coupling between
the gapless edge modes only, boundary CFT was applied
to prove the correspondence between the entanglement
Hamiltonian and the single chiral edge Hamiltonian.
The “cut and glue” approach suggests that the entan-
glement properties of topological phases are closely re-
lated to those of coupled one-dimensional (1D) gapless
systems. We now give a quick review of results for the
ES of coupled 1D systems (“ladders”), which have been
shown to exhibit various interesting features depending
crucially on the interchain couplings. Poilblanc35 nu-
merically calculated the ES in gapped phases of a spin-
1
2 Heisenberg ladder, where the entanglement cut was
introduced between the two periodic chains. He ob-
served that the ES remarkably resembles the energy spec-
trum of a single Heisenberg chain. Peschel and Chung36
and La¨uchli and Schliemann37 explained this result us-
ing perturbation theory from the strong-rung-coupling
limit. They also generalized it to the model with an XXZ
anisotropy and showed that the entanglement Hamilto-
nian is given by an XXZ chain with its anisotropy mod-
ified from the physical single-chain Hamiltonian. Schlie-
mann and La¨uchli38 also studied the cases of higher-spin
ladders (such as spin-1), and again found that in the
isotropic case, the entanglement Hamiltonian is propor-
tional to the single-chain Hamiltonian. We note that
unlike the spin- 12 case, the spectrum of the single-chain
Hamiltonian is gapped for certain spin lengths. ES in a
variety of coupled 1D systems, including fermionic and
spin ladders, was studied by Chen and Fradkin.41 Their
result for gapped coupled systems supported the cor-
respondence between the ES and the single-chain spec-
trum. They also investigated a system of two Tomonaga-
Luttinger liquids (TLLs) coupled by a marginal interac-
tion, and interestingly found an ES with a flat dispersion.
These results open the question, what condition is neces-
sary for finding the correspondence between the ES and
the single-chain spectrum. Lundgren, Chua, and Fiete40
studied the ES of the Kugel-Khomskii model, which can
be regarded as a spin ladder system, with spin degrees of
freedom on one leg and orbital degrees of freedom on the
other. In that work an entanglement gap was found at
the gapless SU(4) point. The origin of this gap and the
structure of the levels below the entanglement gap, which
could have universal features, has yet to be explained.
In this paper, we study the ES between two coupled
(chiral or non-chiral) TLLs on parallel periodic chains for
a variety of interchain interactions. In addition to hav-
ing direct applications to ladder systems, this problem
is also closely related to the entanglement properties of
2D topological phases via the “cut and glue” picture of
Fig. 1. By expanding interchain interactions to quadratic
order in bosonic fields, we are able to obtain the ES in
both gapped and gapless phases using only methods for
free theories. This is similar to the approach of Chen and
Fradkin41 for a gapless phase but extends it to a wider
variety of phases of coupled TLLs. We also carefully treat
zero modes, which turn out to be important to the full
structure of the ES. Based on the calculation for coupled
chiral TLLs, we provide a simple proof for the correspon-
dence between the ES and the edge-state spectrum in
quantum Hall systems consistent with previous numeri-
cal and analytical studies. Using this result, we are easily
able to obtain the TEE, which is equal to log
√
q, for the
quantum Hall state at the filling fraction ν = 1/q.1,54,55
In gapped phases of coupled non-chiral TLLs, which are
relevant to spin ladders and time-reversal-invariant topo-
logical insulators,56 we show that the ES consists of lin-
early dispersing modes, which resembles the spectrum
of a single-chain TLL but is characterized by a modi-
fied TLL parameter. When the system becomes partially
gapless (either in the symmetric or antisymmetric chan-
nels of bosonic fields), we interestingly find an ES with a
dispersion relation proportional to the square root of the
subsystem momentum, which we relate to a certain long-
range interaction in the entanglement Hamiltonian. We
numerically demonstrate the emergence of this unusual
dispersion in a model of hard-core bosons on a ladder.
While the edge-state picture has been widely used for
ES in gapped systems, few works have successfully ad-
dressed the universal features of ES in gapless systems.
For 1D critical systems, CFT has been applied to reveal
the universal distribution function of the ES.28 In that
case, the partition is a block of some finite length in a
longer finite- or infinite-length chain. There have been
some works for understanding the ES of gapless systems
with broken continuous symmetry.57,58 Another avenue
to explore entanglement in gapless systems is to partition
the system in momentum space instead of real space59,60;
however such work is beyond the scope of this paper.
Gapless phases of coupled TLLs investigated in Ref. 41
and here provide novel examples in which critical correla-
tions manifest themselves in unusual dispersion relations
in the ES.
The rest of the paper is organized as follows. In Sec. II,
we consider a system of two coupled chiral TLLs and
show that the ES is proportional to the spectrum of a
single chiral TLL. This result gives a simple proof for the
correspondence between the edge states and the ES in
quantum Hall states. In Sec. III, we consider two cou-
pled non-chiral TLLs, which are relevant to spin ladders,
Hubbard chains, and topological insulators. We calculate
the ES in both gapped and gapless phases and show that
it has a variety of low-energy features depending on the
phase. In Sec. IV, we numerically demonstrate some of
the predictions of Sec. III in a model of hard-core bosons
on a ladder. Finally, in Sec. V, we present our summary,
3conclusions and open questions.
II. TWO COUPLED CHIRAL
TOMONAGA-LUTTINGER LIQUIDS
A. Introduction of model
In this section, we study the ES between two coupled
chiral TLLs. This provides the simplest illustration of our
approach. Furthermore, this problem is closely related to
the ES in quantum Hall states, as we explain below.
To be specific, we consider the quantum Hall states at
filling faction ν = 1q , where q is odd for fermions and even
for bosons. These systems are described by the (2 + 1)-
dimensional Chern-Simons gauge theory with the action
S = −
∫
d3x
q
4π
aµ∂νaλǫ
µνλ, (1)
where xµ = (t, x, y) is a (2 + 1)-dimensional coordinate
and ǫµνλ is a Levi-Civita symbol. The gauge field aµ is
related to the particle current jµ via jµ = 12pi∂νaλǫ
µνλ.
We define the system on a cylinder of circumference L
and study the ES between the upper and lower halves of
the system as in Fig. 1(a). To this end, following the “cut
and glue” approach of Qi et al.,50 we first physically cut
the system as in Fig. 1(b). Along the new edges of the
two subsystems, there appear 1D right- and left-moving
chiral modes described by the chiral TLL Hamiltonians
HR/L =
∫ L
0
dx
qv0
4π
(∂xφR/L)
2, (2)
where v0 is the velocity. These Hamiltonians are de-
rived from the Chern-Simons action (1) by imposing cer-
tain gauge-fixing conditions at the edges.61 Here, the
bosonic field φR/L(x) is related to the particle density
fluctuation ρR/L(x) (relative to the ground state) via
ρR/L =
1
2pi∂xφR/L. The annihilation operators of an
original fermionic/bosonic particle at the edges are given
by62
ψR =
1√
2π
eiqφR , ψL =
1√
2π
e−iqφL . (3)
We now consider the Hamiltonian H(λ) = HA+HB +
λHAB , which connects between the decoupled system
(λ = 0) and the original system (λ = 1). Here, HA and
HB describe A and B regions, respectively, and HAB
describes the coupling between them. At λ = 0, the
system is decoupled into two independent quantum Hall
systems on regions A and B. Then gapless chiral TLLs
appear as the edge states of the two systems. When the
coupling λHAB is small enough with respect to the bulk
gap, it can be regarded as a perturbation to the gapless
edge modes. In particular, when λHAB is a relevant per-
turbation in the renormalization group (RG) sense, the
coupling λ effectively increases as the energy scale is low-
ered. If the RG flow simply connects the decoupled limit
to the strong coupling limit, the low-energy limit of the
system with an arbitrary small coupling may be consid-
ered essentially the same as that of the original system
with λ = 1. Thus the entanglement between the two re-
gions A and B in the original system could be essentially
understood in terms of the entanglement between the two
coupled chiral TLLs, as pointed out by Qi et al.50
The bosonic fields φR/L in Eq. (2) have the mode ex-
pansions
φR =φR,0 + 2πNR
x
L
+
∑
k>0
√
2π
qL|k|
(
ake
ikx + a†ke
−ikx
)
, (4a)
φL =φL,0 + 2πNL
x
L
+
∑
k<0
√
2π
qL|k|
(
ake
ikx + a†ke
−ikx
)
. (4b)
Here, ak with k =
2pij
L (j ∈ Z \ {0}) are bosonic oper-
ators describing oscillator modes and NR/L ∈ Z are the
changes in the numbers of particles relative to the ground
state. The zero modes satisfy the commutation relations
[φR,0, NR] = − i
q
, [φL,0, NL] =
i
q
. (5)
By inserting Eq. (4) into Eq. (2), we obtain the energy
spectrum of the chiral TLL Hamiltonians as
HR =
πqv0
L
N2R + v0
∑
k>0
|k|
(
a†kak +
1
2
)
, (6a)
HL =
πqv0
L
N2L + v0
∑
k<0
|k|
(
a†kak +
1
2
)
. (6b)
We introduce the interedge coupling consisting of par-
ticle tunneling and a density-density interaction:
HRL =
∫ L
0
dx
[
g
(
ψ†LψR + ψ
†
RψL
)
+ UρLρR
]
. (7)
Using Eq. (3) and defining
φ =
1√
4π
(φL + φR) , θ =
q√
4π
(φL − φR) , (8)
the total Hamiltonian H ≡ HL+HR+HRL can be recast
into a sine-Gordon Hamiltonian
H =
∫ L
0
dx
[
v
2
(
K(∂xθ)
2 +
1
K
(∂xφ)
2
)
+
g
π
cos
(√
4πqφ
) ] (9)
with
v =
√
v20 −
(
U
2πq
)2
, K =
1
q
√√√√v0 − U2piq
v0 +
U
2piq
. (10)
4Here v is the renormalized velocity and K is the TLL
parameter. The cosine term in Eq. (9) is relevant in
the RG sense when its scaling dimension q2K becomes
smaller than 2.
In the absence of the density-density interaction (U =
0), the inter-edge tunneling is RG relevant only for q = 1
and RG irrelevant for fractional quantum Hall states with
q > 2 (marginal for q = 2). However, for sufficiently large
U > 0, the inter-edge tunneling can be made RG relevant
even for q ≥ 2. Even when the inter-edge tunneling is RG
irrelevant, there may be a critical value gc > 0 such that
the system flows50 to the strong tunneling limit when
g > gc. The present 1D formulation would be still valid
in such a case if g > gc but g is still sufficiently small
with respect to the bulk gap.
B. Free-field description of the coupled system
In the rest of Sec. II, we aim to calculate the ES in two
coupled chiral TLLs described by Eq. (9). Let us first
consider the situation where the low-energy limit of the
system is given by the strong inter-edge tunneling limit
g →∞. This is the case when the inter-edge tunneling is
relevant under RG, or g > gc even when the infinitesimal
inter-edge tunneling is irrelevant.
Our approach is based on the simple observation that,
in the limit g → ∞, φ is locked into the minimum of
the cosine potential. In order to describe the nontrivial
entanglement, we can expand the cosine term around its
minimum as
g
π
cos
(√
4πqφ
)
≈ const.+ vm
2
2K
(
φ− φ¯0
)2
+ . . . , (11)
where φ¯0 is the locking position. The total Hamilto-
nian H then becomes a Klein-Gordon Hamiltonian with
a mass gap vm. Within this approach, one can also study
the case of g = 0 by setting m = 0. We note that for
small but finite g, the expansion in Eq. (11) is not well
justified (When g = 0 exactly, however, the expansion is
not necessary and the approach is justified again). This
is due to the presence of the higher order terms in the
expansion and possible tunneling among the minima of
the cosine. Therefore, when the bare value of g is small,
this expansion should be done after it grows to a suf-
ficiently large value (comparable to v) under RG. This
means that our approach is valid when the system size
L is sufficiently larger than the correlation length 1/m.
Since H is now quadratic in bosonic fields, one can use
the methods for free theories to address the entanglement
properties of the system (as done by Chen and Fradkin41
for a gapless case). We note that after the locking, the
winding mode for φ is suppressed, i.e., NL + NR = 0,
since φ can no longer have a large spacial dependence.
Plugging in the mode expansions (4) into the total
Hamiltonian H , we see that H can be decomposed into
zero-mode and oscillator parts:
H = Hzero +Hosc, (12)
where
Hzero =
v
2
[
πq2K
L
(NL −NR)2 + Lm
2
K
(
φ0 − φ¯0
)2]
,
(13)
Hosc =
v
2
∑
k 6=0
(
a†k, a−k
)(
Ak Bk
Bk Ak
)(
ak
a†−k
)
(14)
with
φ0 =
1√
4π
(φL,0 + φR,0), (15)
Ak =
1
2
(
qK +
1
qK
)
|k|+ m
2
2qK|k| , (16)
Bk =
1
2
(
−qK + 1
qK
)
|k|+ m
2
2qK|k| . (17)
Focusing on Hosc, we observe that it can be diagonal-
ized via a Bogoliubov transformation(
ak
a†−k
)
=
(
cosh θk sinh θk
sinh θk cosh θk
)(
bk
b†−k
)
(18)
with
cosh (2θk) =
Ak
λk
, sinh (2θk) = −Bk
λk
, (19a)
λk =
√
A2k −B2k =
√
k2 +m2. (19b)
We then obtain
Hosc = v
∑
k 6=0
λk
(
b†kbk +
1
2
)
(20)
as expected for the Klein-Gordon model with a mass gap
vm. The ground state |0〉 of Hosc is specified by the
condition that bk|0〉 = 0 for all k.
We note that Qi et al.50 used boundary CFT to de-
scribe the ground state of Eq. (9). The advantage of our
approach lies in its simplicity and versatility. Our ap-
proach relies only on the methods for free theories and
does not require the knowledge of boundary CFT. Fur-
thermore, as we will see, our approach can treat both
gapped and gapless systems in a unified manner while
only the gapped case was discussed in Ref. 50.
C. Reduced density matrix
Now we calculate the reduced density matrix ρA for the
right-movers by tracing out the left-movers (or one leg of
the ladder). Since the Hamiltonian H is decoupled into
the zero-mode and oscillator parts, the reduced density
matrix is of the form ρA = ρ
zero
A ⊗ ρoscA . Below we first
calculate the oscillator part ρoscA and then the zero-mode
part ρzeroA .
51. Oscillator part
The oscillator part ρoscA can be calculated by using
Peschel’s method63 for free particles. We first calcu-
late the two-point correlation functions for the chain with
right-moving momentum k > 0. Using the ground state
|0〉 of Hosc, a non-zero correlation function is found as
〈0|a†kak|0〉 = sinh2 θk =
cosh(2θk)− 1
2
. (21)
We introduce the ansatz
ρoscA =
1
Zosce
e−H
osc
e , Zosce = Tr e
−Hosce , (22)
with
Hosce =
∑
k>0
wk
(
a†kak +
1
2
)
. (23)
This gives the Bose distribution
Tr
(
a†kakρ
osc
A
)
=
1
ewk − 1 . (24)
Equating Eq. (24) with Eq. (21), we obtain the expression
of wk as
wk = ln
cosh(2θk) + 1
cosh(2θk)− 1 . (25)
We now focus on the low-energy part of the entangle-
ment Hamiltonian Hosce . Such part gives a high weight
in the reduced density matrix ρoscA . To this end, we ex-
pand wk for small k. For m > 0 and small |k|, we find
cosh(2θk) ≈ m2qK|k| and therefore
wk ≈ 4qK
m
|k|. (26)
Namely, the entanglement spectrum has a linear disper-
sion at low energies, which resembles the spectrum of the
edge Hamiltonian HR.
For m = 0, by contrast, the dispersion becomes flat:
wk = ln
qK + (qK)−1 + 2
qK + (qK)−1 − 2 . (27)
A similar flat dispersion in the entanglement spectrum
has been found by Chen and Fradkin41 for two coupled
non-chiral TLLs in a gapless phase; see Sec. III C 4 for
more details.
2. Zero-mode part
Next we calculate the zero-mode part ρzeroA . Defining
∆φ0 = φ0 − φ¯0 and π0 =
√
πq(NL − NR), we can cast
our zero-mode Hamiltonian (13) as
Hzero =
vm
2
[
K
Lm
π20 +
Lm
K
(∆φ0)
2
]
. (28)
Combining the commutation relations (5) for the zero
modes, we find [∆φ0, π0] = i, which allows us to iden-
tify π0 = −i ∂∂∆φ0 . Therefore, Eq. (28) can be identified
with the Hamiltonian of a harmonic oscillator with dis-
crete momentum π0. The discreteness becomes irrelevant
when ∆φ0 is sufficiently localized for large Lm/K. In this
case, the ground state |G〉 in the π0 basis can be simply
approximated by a gaussian
〈π0|G〉 ∝ e− K2Lmpi
2
0 . (29)
Using NL+NR = 0 (due to the suppression of the wind-
ing mode in φ), this ground state can be written in a
Schmidt decomposed form as
|G〉 =
∑
N¯
1√
z
e−
2piq2K
Lm
N¯2 |NR = N¯〉|NL = −N¯〉, (30)
where z is a normalization constant. Tracing over the
left-moving degrees of freedom, we obtain the reduced
density matrix
ρzeroA =
∑
NR
|NR〉1
z
e−
4piq2K
Lm
N2R〈NR| (31)
We then finally arrive at the main result for Sec. II C, the
low-energy expression of the total entanglement Hamil-
tonian He = H
zero
e +H
osc
e :
He =
4qK
m
[
πq
L
N2R +
∑
k>0
k
(
a†kak +
1
2
)]
. (32)
This is precisely proportional to the physical edge Hamil-
tonianHR in Eq. (6a), in both zero and oscillator modes.
This completes the proof for the correspondence between
the entanglement spectrum and the edge-state spectrum.
D. Topological Entanglement Entropy
The entanglement entropy S is obtained as the ther-
mal entropy of the entanglement Hamiltonian He at the
fictitious temperature T = 1. Kitaev and Preskill1 have
calculated S by assuming a general CFT Hamiltonian
for He and using the modular transformation property
of the partition function. We here obtain S by explicitly
calculating the partition function for the entanglement
Hamiltonian (32). This provides a simple illustration of
the result of Ref. 1 in free-boson He.
By performing the ζ-function regularization ζ(−1) =
−1/12 for the infinite constant term, the entanglement
Hamiltonian (32) can be rewritten as
He = ve
[
πq
L
N2R +
∑
k>0
ka†kak −
π
12L
]
(33)
with ve = 4qK/m. We consider the partition function
Ze(β) = Tr e
−βHe , where β = 1/T is a fictitious inverse
6temperature. Introducing the modular parameter
τ = iτ2 = i
βve
L
, (34)
the partition function is calculated as
Ze(β) =
(
∞∑
NR=−∞
e−piqτ2N
2
R
)
e
pi
24
τ2
∞∏
j=1

 ∞∑
nj=0
e−2piτ2jnj


=
θ3(iqτ2)
η(iτ2)
,
(35)
where θ3 is the third Jacobi theta function and η is the
Dedekind function. We are interested in the asymptotic
behavior for large L, namely, small τ2. Using the modular
transformation properties of θ3 and η (see for example
Ref. 64), we find
Ze(β) =
(qτ2)
− 1
2 θ3(i/qτ2)
τ
− 1
2
2 η(i/τ2)
≈ 1√
q
, (36)
where in the last line, we have used the fact that in the
small-τ2 limit, θ3(i/qτ2), η(i/τ2) ≈ 1. The entanglement
entropy is then obtained as
S =
∂(T lnZe(β))
∂T
∣∣∣∣
T=1
≈ − ln√q (37)
which agrees with the well-known result of Ref. 1. The
present calculation without an ultraviolet cutoff has
yielded only the universal constant and did not produce a
boundary-law contribution present in generic states. The
latter is expected to appear by introducing a high-energy
cutoff in the entanglement spectrum.
In the present calculation, we have implicitly assumed
that the system is in the ground state of a fixed topologi-
cal sector. In Abelian quantum Hall states, the constant
part of S does not depend on the choice of a topological
sector. However, by superposing the ground states in dif-
ferent topological sectors, we in general obtain a different
constant in the entanglement entropy. The dependence
of S on the choice of a ground state in a variety of closed
geometries has been analyzed by Dong et al.54 using the
Chern-Simons theory. Zhang et al.9 has analyzed this
dependence in further detail for a torus geometry and
proposed to use it to extract quasiparticle statistics and
braiding properties. Although interesting, it is beyond
the scope of this work to extend to such cases.
III. TWO COUPLED NON-CHIRAL
TOMONAGA-LUTTINGER LIQUIDS
A. Introduction of model
In this section, we study the ES between two coupled
non-chiral TLLs. This setting is relevant to spin lad-
ders and Hubbard chains. Furthermore, it has a close
relation with 2D time-reversal-invariant topological in-
sulators via a “cut and glue” approach in Fig. 1. The
ES in gapped phases of spin- 12 ladders have been stud-
ied by Poilblanc35 for the SU(2)-symmetric Heisenberg
model and in Refs. 36 and 37 for the model with XXZ
anisotropy. For a system of two non-chiral TLLs coupled
by a marginal interaction, the entanglement entropy and
spectrum have been studied by Furukawa and Kim65 and
Chen and Fradkin,41 respectively. Here we consider more
general states of coupled TLLs, which include all of the
above cases as special examples.
We assume that the two non-chiral TLLs are equivalent
and are described by the gaussian Hamiltonian
Hν =
∫
dx
v0
2
[
K (∂xθν)
2
+
1
K
(∂xφν)
2
]
, ν = 1, 2.
(38)
where v0 and K are the velocity and the TLL parame-
ter, respectively, in each chain. The dual pair of bosonic
fields, φν and θν , satisfy the commutation relation
[φν(x), θν′ (x
′)] =
i
2
[1 + sgn(x− x′)]δνν′ . (39)
The field φν(x) is related to the particle density
fluctuation ρν(x) (relative to the ground state) via
ρν(x) =
1
2pir∂φν while θν(x)/r˜ represents the phase of
a fermionic/bosonic operator. Here r and r˜ are the com-
pactification radii of φν and θν , respectively. One can
fix these radii to certain values (while keeping the fixed
product rr˜ = 1/(2π)) to adjust to different normaliza-
tions of bosonization. For later applications, we set
r =
1
2
√
π
, r˜ =
1√
π
. (40)
In this convention, K < 1 (K > 1) corresponds to a
repulsive (attractive) intrachain interaction in the case
of fermions.
The bosonic fields have the mode expansions
φν(x) = φν,0 + 2πrNν
x
L
+
∑
k 6=0
√
K
2L|k|
(
akνe
ikx + a†kνe
−ikx
)
(41a)
θν(x) = θν,0 + 2πr˜Mν
x
L
+
∑
k 6=0
sgn(−k)√
2KL|k|
(
akνe
ikx + a†kνe
−ikx
)
. (41b)
Here, akν with k = 2πj/L (j ∈ Z \ {0}) are bosonic op-
erators describing oscillator modes. For bosonic systems,
the winding numbers Nν and Mν are both integers. For
fermionic systems, they obey the following condition,66
called the twisted structure: Nν ∈ Z, Nν + 2Mν ∈ 2Z.
The winding number Nν gives the change in the num-
ber of particles in the νth chain relative to the ground
7state. The constant terms, φν,0 and θν,0, and the winding
numbers satisfy the commutation relations
[φν,0, 2πr˜Mν′ ] = iδνν′ , [θν,0, 2πrNν′ ] = iδνν′ . (42)
By inserting expansions (41) into Eq. (38), the single-
chain Hamiltonians are diagonalized as
Hν =
2π2v0
L
(
r˜2KM2ν +
r2
K
N2ν
)
+ v0
∑
k 6=0
|k|
(
a†kνakν +
1
2
)
.
(43)
For the interchain coupling, we consider the following
interactions:
H12 =
∫
dx
[
g+ cos
(
φ1 + φ2
r
)
+ g− cos
(
θ1 − θ2
r˜
)
+
U
4π2r2
∂xφ1∂xφ2
]
.
(44)
Here, the g− and U terms arise from particle tunneling
and a density-density interaction, respectively. In the
Hubbard chain, the g+ term appears at half-filling and
induces a Mott gap.67,68 In spin- 12 ladders in the absence
of a magnetic field, combination of the g+ and g− terms
induces rung-singlet and Haldane phases.67,68
To describe the coupled Hamiltonian H = H1 +H2 +
H12, it is useful to introduce the symmetric and anti-
symmetric combinations of bosonic fields as
φ± =
1√
2
(φ1 ± φ2), θ± = 1√
2
(θ1 ± θ2). (45)
The total Hamiltonian can then be decoupled into sine-
Gordon Hamiltonians defined for the symmetric and an-
tisymmetric channels:
H = H+ +H− (46)
with
H+ =
∫
dx
{
v+
2
[
K+ (∂xθ+)
2
+
1
K+
(∂xφ+)
2
]
+ g+ cos
(√
2φ+/r
)}
, (47a)
H− =
∫
dx
{
v−
2
[
K− (∂xθ−)
2
+
1
K−
(∂xφ−)
2
]
+ g− cos
(√
2θ−/r˜
)}
. (47b)
Here the renormalized velocities v± and the TLL param-
eters K± are given by
v± = v0
(
1± KU
4π2v0r2
) 1
2
, K± = K
(
1± KU
4π2v0r2
)− 1
2
.
(48)
The g+ and g− terms are relevant in the RG sense when
their scaling dimensions, K+/(2πr
2) and 1/(2πr˜2K−) re-
spectively, become smaller than 2.
B. Free-field description of the coupled system
When the cosine terms in Eq. (47) become relevant,
the fields φ+ and θ− are locked into the minima of these
terms. As done before in Sec. II, we expand these terms
to quadratic order around their minima:
g+ cos
(√
2φ+/r
)
≈ const.+ v+m
2
+
2K+
(
φ+ − φ¯+,0
)2
+ . . . , (49a)
g− cos
(√
2θ−/r˜
)
≈ const.+ v−K−m
2
−
2
(
θ− − θ¯−,0
)2
+ . . . , (49b)
where φ¯+,0 and θ¯−,0 are the locking positions. The
Hamiltonian H± then becomes a Klein-Gordon Hamil-
tonian with a mass gap vm±. As we have discussed in
Sec. II A, the above description actually applies even if
the (infinitesimal) cosine terms are irrelevant in the RG
sense, provided that the strong coupling limit g± → ∞
is realized.
On the other hand, when either or both of the co-
sine terms is RG irrelevant, or if it is fine-tuned to zero,
the system remains gapless. When one of the modes φ+
and θ− is gapless, the low-energy limit of the system is
a single-component TLL. Likewise, when the two modes
remain gapless, it is a two-component TLL. Such cases
can be also treated in the present formulation, simply by
setting m+ = 0 and/or m− = 0. We emphasize that, the
mode that remains gapless still can contribute to nontriv-
ial entanglement, owing to the density-density interaction
U which mixes the original variables φ1,2.
Using Eq. (41), we obtain the mode expansions of φ±
and θ± as
φ±(x) = φ±,0 + π˜±,0
x
L
+
∑
k 6=0
√
K
2L|k|
(
ak,±e
ikx + a†k,±e
−ikx
)
, (50a)
θ±(x) = θ±,0 + π±,0
x
L
+
∑
k 6=0
sgn(−k)√
2KL|k|
(
ak,±e
ikx + a†k,±e
−ikx
)
, (50b)
where we have defined
φ±,0 =
1√
2
(φ1,0 ± φ2,0) , θ±,0 = 1√
2
(θ1,0 ± θ2,0) ,
(51a)
π˜±,0 =
2πr√
2
(N1 ±N2) , π±,0 = 2πr˜√
2
(M1 ±M2) , (51b)
ak,± =
1√
2
(ak,1 ± ak,2) . (51c)
Due to the locking of φ+ and θ−, the winding modes
of these two fields must be suppressed, namely, π˜+,0 =
8π−,0 = 0. This yields the constraints N1 = −N2 and
M1 =M2.
By inserting the expansions (50) (with the condition
π˜+,0 = π−,0 = 0) into the Klein-Gordon Hamiltonians,
we find that these Hamiltonians can be decoupled into
the zero-mode and oscillator parts:
H± = H
zero
± +H
osc
± . (52)
Here the zero-mode part Hzero± is given by
Hzero+ =
v+
2
[
K+
L
π2+ +
Lm2+
K+
(∆φ+,0)
2
]
, (53a)
Hzero− =
v−
2
[
1
K−L
π˜2− +K−Lm
2
− (∆θ−,0)
2
]
, (53b)
where we have defined ∆φ+,0 = φ+,0− φ¯+,0 and ∆θ−,0 =
θ−,0 − θ¯−,0. Using Eq. (42), we obtain the commutation
relations
[∆φ+,0, π+,0] = i, [∆θ−,0, π˜−,0] = i. (54)
The oscillator part Hosc± is given by
Hosc± =
v±
2
∑
k 6=0
(
a†k,±, a−k,±
)(
Ak,± Bk,±
Bk,± Ak,±
)(
ak,±
a†−k,±
)
(55)
with
Ak,+ =
1
2
(
K+
K
+
K
K+
)
|k|+ Km
2
+
2K+|k| ,
Bk,+ =
1
2
(
−K+
K
+
K
K+
)
|k|+ Km
2
+
2K+|k| ,
Ak,− =
1
2
(
K−
K
+
K
K−
)
|k|+ K−m
2
−
2K|k| ,
Bk,− =
1
2
(
−K−
K
+
K
K−
)
|k| − K−m
2
−
2K|k| .
(56)
By performing a Bogoliubov transformation(
ak,±
a†−k,±
)
=
(
cosh θk,± sinh θk,±
sinh θk,± cosh θk,±
)(
bk,±
b†−k,±
)
(57)
with
cosh (2θk,±) =
Ak,±
λk,±
, sinh (2θk,±) = −Bk,±
λk,±
, (58a)
λk,± =
√
A2k,± −B2k,± =
√
k2 +m2±, (58b)
the oscillator part Hosc± is diagonalized as
Hosc± = v±
∑
k 6=0
λk,±
(
b†k,±bk,± +
1
2
)
. (59)
The ground state |0〉 of Hosc+ + Hosc− is specified by the
condition that bk,±|0〉 = 0 for all k 6= 0.
C. Reduced density matrix
Using the ground state of H = H+ + H−, we calcu-
late the reduced density matrix ρA for the first chain by
tracing out the degrees of freedom in the second chain.
The reduced density matrix can be factorized into the
zero-mode and oscillator parts: ρA = ρ
zero
A ⊗ ρoscA .
We first consider the zero-mode part ρzeroA . Using the
analogy with a harmonic oscillator as in Sec. II C 2, the
ground state |G〉 of Hzero+ +Hzero− is calculated as
|G〉 =
∑
(M¯,N¯)
1√
z
exp
[
4π2
L
(
r˜2K+
m+
M¯2 +
r2
K−m−
N¯2
)]
× |(M1, N1) = (M¯, N¯)〉|(M2, N2) = (M¯,−N¯)〉,
(60)
where z is a normalization factor. From this, the zero-
mode part of the entanglement Hamiltonian is calculated
as
Hzeroe =
8π2
L
(
r˜2K+
m+
M21 +
r2
K−m−
N21
)
. (61)
We next calculate the oscillator part ρosce using
Peschel’s method63 as in Sec. II C 1. Using the ground
state |0〉 of Hosc+ + Hosc− , non-zero two-point correlation
functions are found as follows:
〈0|a†k,1ak,1|0〉
=
1
2
(
sinh2 θk,+ + sinh
2 θk,−
)
=
1
4
[cosh(2θk,+) + cosh(2θk,−)]− 1
2
, (62a)
〈0|ak,1a−k,1|0〉
=
1
2
[sinh θk,+ cosh θk,+ + sinh θk,− cosh θk,−]
=
1
4
[sinh(2θk,+) + sinh(2θk,−)] . (62b)
In contrast to Sec. II C 1, “anomalous” correlation func-
tions, 〈0|ak,1a−k,1|0〉, can be non-zero in the present case.
Taking account of the presence of these correlations, we
introduce the ansatz
ρoscA =
1
Zosce
e−H
osc
e , Zosce = Tr e
−Hosce (63)
with
Hosce =
1
2
∑
k 6=0
(
a†k,1, a−k,1
)(
uk vk
vk uk
)(
ak,1
a†−k,1
)
. (64)
By performing a Bogoliubov transformation
(
ak,1
a†−k,1
)
=
(
coshφk sinhφk
sinhφk coshφk
)(
bk,1
b†−k,1
)
(65)
9with
cosh(2φk) =
uk
wk
, sinh(2φk) = − vk
wk
, (66a)
wk =
√
u2k − v2k, (66b)
Eq. (64) is diagonalized as
Hosce =
∑
k 6=0
wk
(
b†k,1bk,1 +
1
2
)
. (67)
Using the Bose distribution
Tr (b†k,1bk,1ρ
osc
e ) =
1
ewk − 1 , (68)
we obtain the two-point correlation functions as
Tr (a†k,1ak,1ρ
osc
A ) =
fkuk
2wk
− 1
2
, (69a)
Tr (ak,1a−k,1ρ
osc
A ) = −
fkvk
2wk
, (69b)
where
fk =
ewk + 1
ewk − 1 . (70)
Equating Eq. (69) with Eq. (62), we obtain the expres-
sions for uk and vk as
uk =
wk
2fk
[cosh(2θk,+) + cosh(2θk,−)] , (71a)
vk = − wk
2fk
[sinh(2θk,+) + sinh(2θk,−)] , (71b)
where
fk =
1
2
{
[cosh(2θk,+) + cosh(2θk,−)]
2
− [sinh(2θk,+) + sinh(2θk,−)]2
} 1
2 , (72a)
wk = ln
fk + 1
fk − 1 . (72b)
Here, uk, vk, and wk are obtained as complicated func-
tions of k. Below we expand these functions for small |k|
and discuss the low-energy expression of Hosce in four dif-
ferent cases.
1. Case of m± > 0
We first consider the case in which both the symmetric
and antisymmetric channels are gapped. For small |k|,
we find
cosh(2θk,+) ≈ − sinh(2θk,+) ≈ Km+
2K+|k| ,
cosh(2θk,−) ≈ sinh(2θk,−) ≈ K−m−
2K|k| .
(73)
From these, we obtain the small-|k| expressions of uk, vk,
and wk as
uk ≈ ve|k|
2
(
Ke
K
+
K
Ke
)
, (74a)
vk ≈ ve|k|
2
(
−Ke
K
+
K
Ke
)
, (74b)
wk ≈ ve|k|, (74c)
where we have defined
ve = 4
√
K+
K−m+m−
, Ke =
√
K+K−m−
m+
. (75)
We have obtained a low-energy linear dispersion wk with
a velocity ve for the bosonic modes in Eq. (67), which
resembles the spectrum of a single TLL. Using Eq. (75),
the zero-mode part in Eq. (61) can be rewritten as
Hzeroe =
2π2ve
L
(
r˜2KeM
2
1 +
r2
Ke
N21
)
. (76)
Combining the zero-mode and oscillator parts, we find
that the total entanglement Hamiltonian He = H
zero
e +
Hosce can be recast at low energies into a TLL Hamilto-
nian having a renormalized TLL parameter Ke:
He =
∫
dx
ve
2
[
Ke(∂xθ1)
2 +
1
Ke
(∂xφ1)
2
]
. (77)
One can easily confirm that the insertion of the mode
expansions (41) to this equation precisely reproduces the
zero-mode part (76) and the oscillator part (64) with uk
and vk given by Eq. (74).
For the spin- 12 Heisenberg ladder studied by
Poilblanc,35 both the renormalized TLL parameter Ke
and the original single-chain one K is fixed to 1/2 [in
the normalization of Eq. (40)] because of the SU(2) sym-
metry present in this system. In this case, our calcula-
tion indicates that He is directly proportional to H1 at
low energies, in consistency with the numerical result of
Poilblanc.35 Without such a special symmetry, however,
Ke is in general different from K. This indicates that
the correspondence between He and H1 is slightly vio-
lated in the value of the TLL parameter. This explains
the result of Refs. 36 and 37 in a spin- 12 XXZ ladder,
in which the entanglement Hamlitonian had renormal-
ized XXZ anisotropy that differed from the single-chain
Hamiltonian, from a field-theortical point of view.
The boundary CFT approach of Qi et al.50 can also be
used to explain Poilblanc’s result by viewing the ladder
system as two copies of coupled chiral TLLs.69 Namely,
the right (left) mover of the first chain is coupled with
the left (right) mover of the second chain. Such a picture,
however, is applicable only in the condition of U = 0
and m+ = m−. Our calculation has revealed that the
violation of this condition leads to Ke 6= K.
Using the “cut and glue” approach in Fig. 1, the
present calculation can also be used to discuss the ES
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in 2D time-reversal-invariant topological insulators.56 In
the presence of interactions, the edge modes of these sys-
tems are described by a helical TLL70,71; the coupling
between the two edges is then described as in Ref. 72. In
non-interacting systems, the entanglement Hamiltonian
is also described by non-interacting fermions; in this case,
both K and Ke must be fixed to 1 [in the normalization
of Eq. (40)]. With interactions, K deviates from 1, as
seen in a recent numerical simulation of the Kane-Mele-
Hubbard model.73 In this interacting case, our result in-
dicates Ke 6= K.
2. Case of m+ = 0, m− > 0
We next consider the case in which the symmetric
channel is gapless and the antisymmetric channel is
gapped. For small |k|, we find
cosh(2θk,+) =
1
2
(
K+
K
+
K
K+
)
,
sinh(2θk,+) =
1
2
(
K+
K
− K
K+
)
,
cosh(2θk,−) ≈ sinh(2θk,−) ≈ K−m−
2K|k| ,
(78)
from which we obtain the small-|k| expressions of uk, vk,
and wk as
uk ≈ ve|k|
2
(
K+
K
+
K
K+
)
+
2K+
K
, (79a)
vk ≈ ve|k|
2
(
−K+
K
+
K
K+
)
− 2K+
K
, (79b)
wk ≈ 2
√
ve|k|, (79c)
with ve =
4K+
K−m−
. Remarkably, we have obtained a dis-
persion relation wk proportional to
√
k. While we are un-
aware of a quantum many-body system with such an en-
ergy spectrum, we note that a square root dispersion ap-
pears in deep water waves.74 This sharply contrasts with
the linear dispersions obtained in Sec. II and Sec. III C 1.
Such a non-analytic dispersion cannot be described by
any local entanglement Hamiltonian. Indeed, the entan-
glement Hamiltonian in this case is shown to include a
non-local interaction, as follows.
By discarding the first term in Eq. (75) (because
M1,2 = 0 in the ground state of the coupled system),
we obtain the zero-mode part Hzeroe as
Hzeroe =
8π2r2
K−Lm−
N21 =
2π2ver
2
K+L
N21 . (80)
Combining the zero-mode and oscillator parts, the total
entanglement Hamiltonian He = H
zero
e + H
osc
e can be
recast into
He =
∫
dx
ve
2
[
K+(∂xθ1)
2 +
1
K+
(∂xφ1)
2
]
− 2K+
π
∫ ∫
dxdx′∂xθ1(x)∂x′θ1(x
′) ln
∣∣ei 2piL x − ei 2piL x′∣∣.
(81)
Here, to obtain the second line, we used the identity
lim
αց0
1
L
∑
k 6=0
|k|eik(x−x′)−α|k|
= − 1
π
∂x∂x′ ln
∣∣ei 2piL x − ei 2piL x′∣∣,
(82)
where α is a short-distance cutoff for regularization. One
can check that the insertion of the mode expansions (41)
with M1 = 0 into Eq. (81) precisely reproduces the zero-
mode part (80) and the oscillator part (64) with uk and
vk given by Eq. (79). The first line of Eq. (81) has the
form of a TLL Hamiltonian, which resembles H1 but has
a renormalized TLL parameter K+. A new, very un-
usual feature is found in the second line of Eq. (81),
where the field ∂xθ1 has a long-range interaction pro-
portional to the logarithm of the chord distance on a
unit circle. A similar logarithmic potential is also found
in the field-theoretical representation of the TLL ground
state wave function.65,75,76 We note that in the single-
chain TLL theory with the Hamiltonian H1 in Eq. (38),
the field ∂xθ1 is related to the local current j1(x) via
j1 = −v0∂xθ1. We also note that such a remarkable dis-
persion seen in Eq. (79c) cannot be obtained by simple
power law terms.77
3. Case of m+ > 0, m− = 0
Similarly to the previous case, the dispersion wk in the
case of m+ > 0, m− = 0 is obtained as
wk ≈ 2
√
ve|k|, ve = 4K+
K−m+
. (83)
The entanglement Hamiltonian is given by
He =
∫
dx
ve
2
[
K−(∂xθ1)
2 +
1
K−
(∂xφ1)
2
]
− 2
πK−
∫ ∫
dxdx′∂xφ1(x)∂x′φ1(x
′) ln
∣∣ei 2piL x − ei 2piL x′∣∣.
(84)
This time, we have a logarithmic interaction of the field
∂xφ1, which is related to the density fluctuation.
4. Case of m± = 0
Finally, we consider the case in which both the sym-
metric and antisymmetric channels are gapless. Fu-
rukawa and Kim65 have studied the Re´nyi entanglement
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entropy Sn (with n = 1, 2, 3, . . . ) of this system by using
the path integral formalism and boundary CFT. They
have found that Re´nyi entropy obeys a linear function
of the chain length L followed by a universal subleading
constant determined by K+/K−. Chen and Fradkin
41
have recently studied the ES of this system and found
that it shows a flat dispersion. Here we reproduce these
results for a consistency check with these references and
for completeness of our discussions. We also present the
entanglement Hamiltonian written in terms of the fields
φ1 and θ1.
For the purpose of comparing with the above refer-
ences, we define
κ =
K− −K+
K− +K+
, z+ =
−1 +√1− κ2
κ
. (85)
Setting m± = 0, we find
cosh(2θk,±) =
1
2
(
K±
K
+
K
K±
)
,
sinh(2θk,±) =
1
2
(
K±
K
− K
K±
)
.
(86)
Since these are independent of k, so are uk, vk, wk, and
fk. Dropping the subscript k in these, we obtain
u+ v =
Kw
2f
(K−1+ +K
−1
− ), (87a)
u− v = w
2Kf
(K+ +K−), (87b)
f =
1√
1− κ2 =
1− z2+
1 + z2+
, (87c)
w = ln
1 +
√
1− κ2
1−√1− κ2 = − ln z
2
+. (87d)
Remarkably, the dispersion wk is completely flat. Since
N1,2 = M1,2 = 0 in the ground state of the coupled sys-
tem in this case, the zero-mode part (75) disappear in the
entanglement Hamiltonian. The entanglement Hamilto-
nian is therefore obtained as
He = w
∑
k 6=0
(
b†k,1bk,1 +
1
2
)
. (88)
Using Eqs. (87a) and (87b), this can also be written as
He = −
w(K−1+ +K
−1
− )
4πf
×
∫ ∫
dxdx′∂xφ1(x)∂x′φ1(x
′) ln
∣∣ei 2piL x − ei 2piL x′∣∣
−w(K+ +K−)
4πf
×
∫ ∫
dxdx′∂xθ1(x)∂x′θ1(x
′) ln
∣∣ei 2piL x − ei 2piL x′∣∣.
(89)
This time, long-range logarithmic interactions appear
both in ∂xφ1 and ∂xθ1.
To obtain the Renyi entanglement entropy Sn with
n = 2, 3, . . . , we first calculate the partition function con-
structed from He at the fictitious inverse temperature β:
Ze(β) = Tr e
−βHe =
∏
k 6=0
(
2 sinh
βw
2
)−1
. (90)
We have obtained an infinite product of a constant, which
needs to be regularized. We introduce a short-distance
cutoff α, which is of the order of the lattice spacing.
Then, k runs over L/α − 1 modes in the above prod-
uct, where the subtraction of 1 comes from the exclusion
of k = 0. We therefore obtain
Ze(β) =
(
2 sinh
βw
2
)−(Lα−1)
. (91)
The Renyi entanglement entropy is calculated as
Sn =
−1
n− 1 ln
Ze(n)
[Ze(1)]n
=
(
L
α
− 1
)
1
n− 1 ln
2 sinh nw2(
2 sinh w2
)n . (92)
As expected, the Renyi entropy Sn is a linear function
of the chain length L, followed by a subleading constant
term. The constant term, which we denote by γn, can be
rewritten as
γn =
−1
n− 1 ln
2 sinh nw2(
2 sinh w2
)n = −1n− 1 ln 1− (z
2
+)
n
(1− z2+)n
, (93)
which is consistent with Ref. 65. The von Neumann en-
tanglement entropy S1 is obtained by taking the limit
n→ 1 in this expression.65
IV. NUMERICAL ANALYSIS
In the previous section, we have seen through field-
theoretical calculations that the ES in two coupled non-
chiral TLLs displays various low-energy features depend-
ing crucially on the interchain couplings. In this section,
we test these predictions in a numerical diagonalization
analysis of a ladder model. There have been numerical
studies on gapped phases of spin ladders,35,37 for which
Ref. 50 and our result in Sec. III C 1 provides qualitative
explanations. We therefore focus on gapless phases in
the following analysis. To this end, we consider a model
of hard-core bosons on a ladder
H =
∑
ν=1,2
L∑
j=1
[
− t
(
b†j,νbj+1,ν +H.c.
)
+ V nj,νnj+1,ν − µnj,ν
]
+
L∑
j=1
[
−t′
(
b†j,1bj,2 +H.c.
)
+ Unj,1nj,2
]
,
(94)
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FIG. 2. (Color online) Entanglement excitation spectra {ξi − ξ0} plotted against the subsystem momentum k in the ladder
model (94) with t = 1, V = −1, t′ = 0, and varying U at the 1/3-filling. (a) The spectrum for U = 2 and L = 15. (b)
The lowest branch of the spectrum for U = 0.2 (red), 1.0 (green), and 2.0 (blue) from top to bottom. The data for different
system sizes L = 9 (square), 12 (circle), and 15 (triangle) are plotted together. Horizontal lines indicate the energies of the
flat dispersion, w in Eq. (87d), predicted by field theory in Sec. IIIC 4. They are evaluated to be w = 7.79, 4.59, and 3.13 for
U = 0.2, 1.0, and 2.0, respectively, using the TLL parameters K± determined in Ref. 65.
where bj,ν is a bosonic annihilation operator at the site
j on the νth leg,78 nj,ν = b
†
j,νbj,ν is a number operator
defined from it, and L is the length of the leg in unit
of the lattice spacing. Here, t (t′) and V (U) are the
hopping amplitude and the interaction, respectively, be-
tween nearest-neighbor sites along the leg (the rung). We
impose a hard-core constraint b2j,ν = (b
†
j,ν)
2 = 0 and peri-
odic boundary conditions (bL+1,ν = b1,ν). This model is
thus equivalent to an XXZ model on a ladder by replac-
ing hard-core bosons by spin- 12 degrees of freedom. The
ground-state phase diagram of this model for t, U > 0
and −2 < V/t ≤ 0 has been studied by Takayoshi et al.79
The model with t′ = 0 has been used for the numeri-
cal test of Eq. (92) in Ref. 65. As explained in Ref. 65
and 79, for t′ = 0, this model is also equivalent to a
fermionic Hubbard chain (with a spin-dependent nearest-
neighbor interaction V ) via a Jordan-Wigner transforma-
tion. Hereafter, we set t = 1 and V = −1, and fix the
average density to the 1/3-filling, ρ0 = 〈nj,ν〉 = 1/3.
As discussed in Ref. 79, the low-energy effective Hamil-
tonian of Eq. (94) is given by
H =
∫
dx
v+
2
[
K+ (∂xθ+)
2
+
1
K+
(∂xφ+)
2
]
+
∫
dx
{
v−
2
[
K− (∂xθ−)
2 +
1
K−
(∂xφ−)
2
]
−Ct′ cos
(√
2πθ−
)}
+ · · · ,
(95)
where C is a constant which depends on V/t and U/t.
We note that the term U∂xφ+ in Ref. 79 was absorbed
into the definition of φ+. This effective Hamiltonian cor-
responds to the Hamiltonian of Sec. III [Eqs. (46) and
(47) in the normalization given by Eq. (40)] with g+ = 0
and g− = −Ct′. Therefore, we obtain the following two
cases. (i) For t′ = 0, the system is described by a two-
component TLLs with m± = 0 (case of Sec. III C 4),
as far as U is below a certain critical value Uc > 0 at
which K− diverges and a phase transition occurs.
79 (ii)
For t′ 6= 0, the cosine term with the scaling dimension
1/(2K−) (< 1/2 always in the present analysis) opens a
finite gap m− > 0 in the antisymmetric channel (case of
Sec. III C 2). Below we introduce the entanglement cut
between the two legs, obtain the reduced density matrix
ρA for the first leg, and plot the ES against the subsystem
momentum k ∈ 2piL Z.
We first consider the case of t′ = 0, for which the result
of Sec. III C 4 predicts an entanglement Hamiltonian with
a flat dispersion as in Eq. (88). The Re´nyi entanglement
entropy Sn in this case has been numerically calculated in
Ref. 65, and the obtained numerical data have been found
to agree well with the analytical prediction in Eq. (92).
Here we analyze the ES {ξi}, which is obtained from
the eigenvalues {exp(−ξi)} of the reduced density ma-
trix ρA. Subtracting the lowest entanglement energy ξ0,
we plot the entanglement excitation spectrum {ξi − ξ0}
for U = 2 and L = 15 in Fig. 2 (a). Figure 2(b) presents
the lowest branch of the spectrum for several values of
U ; here the data for three different system sizes L = 9,
12 and 15 are displayed together. The lowest branch is
expected to correspond to the single-boson excitations in
the entanglement Hamiltonian (88); higher-energy states
are expected to come from multi-boson excitations. For
all the cases investigated, we find that there is a clear
excitation gap above ξ0 and that the lowest branch has
a relatively narrow bandwidth. Using the TLL parame-
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FIG. 3. (Color online) Entanglement excitation spectra {ξi − ξ0} in the ladder model (94) with t = 1, V = −1, U = 2 , and
varying t′ at the 1/3-filling. (a) The spectrum for t′ = 0.5, and L = 15. (b) Squared excitation energies {(ξi − ξ0)
2} of the
lowest branch for t′ = 0.1 (red), 0.3 (green), 0.5 (blue), and 1.0 (magenta) from top to bottom. The data for different system
sizes L = 9 (square), 12 (circle), and 15 (triangle) are plotted together. The linear lines are drawn by connecting the origin
with the data points at the smallest |k| 6= 0. The dashed line in (a) is obtained by simply taking the square root of the linear
line in (b).
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FIG. 4. (Color online) The slope 4ve of the linear relation
(ξi − ξ0)
2 ∝ |k| found in Fig. 3(b), plotted against the inter-
chain tunneling t′. Logarithmic scales are taken for both axes.
We fix U = 2 and plot the data for the system sizes L = 9
(square), 12 (circle), and 15 (triangle). For each L, we deter-
mine the slope 4ve by using the data at k = 2pi/L as shown by
lines in Fig. 3(b). We extrapolate the data of ve to the limit
L→∞ by fitting with a linear function in 1/L; the obtained
values are indicated by cross symbols. We fit the L =∞ data
by a power function (as shown by a dashed line), obtaining
4ve = 5.48(t
′)−0.544. The exponent 0.544 of this function is
close to the expected value 1/(2− 1/(2K−)) = 0.558.
ters K± obtained numerically in Ref. 65, we evaluate the
expected energy of the flat dispersion, w in Eq. (87d),
and plot it by horizontal lines in Fig. 2 (b). We note
that our theoretical prediction in Sec. III was based on
the TLL theory, which addressed properties for small |k|
(below a certain ultraviolet cutoff). We find that the nu-
merical data agree well with the horizontal lines around
k = 0, and deviate gradually from them as |k| increases.
These deviations are expected to come from certain ef-
fects beyond the TLL theory, such as the presence of
irrelevant operators. Good agreement of the data of Sn
with Eq. (92) found in Ref. 65 indicates that such devi-
ations from the TLL prediction at high energies change
only the boundary-law contribution in Sn and keep the
universal constant γn unaltered.
We next consider the case of t′ 6= 0, for which the re-
sult of Sec. III C 2 predicts an entanglement Hamiltonian
with an anomalous dispersion relation wk proportional
to
√
k as in Eq. (79c). We here fix the interchain interac-
tion U = 2 and vary the interchain tunneling t′ from 0.1
to 1. Figure 3 (a) presents the entanglement excitation
spectra for t′ = 0.5 and L = 15. We find that the en-
tanglement excitation energies are significantly lowered
around k = 0 compared to Fig. 2 (a), indicating a gap-
less ES. Extracting the lowest branch from the spectrum,
we plot squared excitation energies {(ξi − ξ0)2} for sev-
eral values of t′ in Fig. 3 (b). The data roughly show
a linear relation (ξi − ξ0)2 ∝ |k| (particularly for small
|k| and large t′), which is consistent with the expected
square root dispersion relation (79c). Here we attribute
the better agreement with the linear relation for larger
t′ to the increasing mass m− and thus the associated de-
creasing correlation length as a function of t′; in order
to have a consistency with a field theory, it is crucial to
make the system size sufficiently larger than the corre-
lation length. Furthermore, we evaluate the slope 4ve of
the linear relation from the data at k = 2π/L for each L
and plot it against the tunneling amplitude t′ in Fig. 4.
We also plot together the values of 4ve extrapolated to
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the thermodynamic limit by a linear fitting with 1/L.
According to Sec. III C 2, the slope 4ve is proportional to
the inverse of the mass m−. Taking the perturbative RG
picture from the t′ = 0 case, the mass should behave as
m− ∼ (t′)1/(2−1/(2K−)), where K− is evaluated at t′ = 0.
Using K− = 2.42 obtained in Ref. 65, we obtain the ex-
ponent 1/(2−1/(2K−)) = 0.558. In Fig. 4, the data of ve
extrapolated to L→ ∞ show the power-law behavior in
t′, as indicated by a dashed line; the obtained slope 0.544
is close to the above value, demonstrating the consistency
with the field-theoretical prediction.
V. SUMMARY AND OUTLOOK
In this paper, we have investigated the ES between
two coupled (chiral or non-chiral) TLLs on parallel peri-
odic chains. By expanding the interchain interactions to
quadratic order in bosonic fields, we are able to calculate
the ES for both gapped and gapless systems using only
methods for free theories. For two coupled chiral TLLs
in Sec. II, we have shown that the entanglement Hamil-
tonian is precisely proportional to the single-chain TLL
Hamiltonian at low energies, in both the zero mode and
the oscillator modes. This provides a simple proof for
the correspondence between the ES and the chiral edge-
mode spectrum in quantum Hall systems consistent with
previous numerical and analytical studies. Two coupled
non-chiral TLLs in Sec. III, which are relevant to spin
ladders and Hubbard chains, can be in general reorga-
nized into symmetric and antisymmetric channels which
can each be either gapped or gapless. When both the
two channels are gapped, we have shown that the entan-
glement Hamiltonian He has linearly dispersing bosonic
modes at low energies, which resembles a single-chain
TLL H1. However,He is characterized by a renormalized
TLL parameter Ke, which is different from the original
single-chain one K unless some special symmetry [e.g.,
SU(2) symmetry] enforces Ke = K. When one of the two
channels is gapless and the other is gapped, the entangle-
ment spectrum shows a dispersion relation proportional
to
√
k, where k is the subsystem momentum. We have
numerically demonstrated the emergence of this interest-
ing dispersion relation in a model of hard-core bosons on
a ladder in Sec. IV.
In the studies of the ES of gapless spin ladders, two
unusual dispersion relations have been found, a flat
dispersion obtained by Chen and Fradkin41 (see also
Sec. III C 4) and
√
k dispersions obtained in Sec. III C 2
and Sec. III C 3. We have discussed that these are re-
lated to certain long-range interactions in the entangle-
ment Hamiltonian. We note that in a study of critical
Rokhsar-Kivelson-type wave functions in two dimensions,
the entanglement Hamiltonian was found to be given by
a 1D lattice gas having a similar long-range interaction.76
The presence of critical correlations thus appears to be
a key ingredient for obtaining long-range interactions in
the entanglement Hamiltonian. We also mention that
it would be interesting to study coupled 1D critical sys-
tems with non-integer values of the central charge, such
as c = 12 , and see how the dispersion relation of the ES
depends on the central charge of the total system.
The approach presented in this paper has a remark-
able versatility in treating coupled TLLs with a variety
of interactions. It will be interesting to apply our method
to an array of coupled TLLs to address the entanglement
properties of higher-dimensional systems from a 1D point
of view (see Refs. 80 and 81 for related approaches with
other methods). It would also be interesting to extend
our work to the ES of higher-spin ladders as were stud-
ied via perturbation theory by Schliemann and La¨uchli.38
What makes this situation very interesting is that the en-
ergy spectrum of a single chain is gapped for certain spin
quantum numbers. It would also be worthwhile to ex-
tend our approach to treat the ES of the Kugel-Khomskii
model and see if it could explain the interesting features
of the ES between spin and orbit degrees of freedom of the
model, such as the entanglement gap seen at the SU(4)
point.40
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